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Abstract We develop a technique for the reconstruction of the potential for
a scalar field or a tachyon field, reproducing a given cosmological evolution in
a closed and open isotropic cosmological models. Such potentials are explicitly
written down for the cases of the evolutions driven by a generic barotropic
fluid and by radiation plus a cosmological constant, for the case of a scalar
field. For tachyon and pseudo-tachyon fields the potentials are reconstructed
for some special cases, corresponding to particular values of the barotropic
index.
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1 Introduction
The technique of the reconstruction of the potentials for scalar fields reproduc-
ing a given cosmological evolution has attracted the attention of researchers for
a long time [1]–[9]. Indeed, in modern cosmology the study of scalar fields has
become very important, since the latter are considered as possible candidates
for the role of the inflaton field, responsible for the inflationary phenomenon
in the early universe [10], and of the dark energy substance [11], which causes
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the recent acceleration in cosmic expansion [12]. The main part of the corre-
sponding research was devoted to a standard scalar field minimally coupled
to gravity. The case of the scalar fields non-minimally coupled to gravity was
considered in [13]. The case of two scalar fields was studied in [14]. The tech-
nique of reconstruction of potentials for the cosmological models based on the
tachyon fields [15] was presented in [16,17,18]. The case of induced gravity was
studied in detail in [19]. All the papers mentioned above were devoted to the
study of the flat Friedmann universe. Strangely, at least up to our knowledge,
the case of the closed and open Friedmann universe was not studied. The only
exception is the paper [4], where the possibility of the treatment of the closed
and open cosmological models was mentioned and some simple examples were
presented. Here we would like to fill this gap. In this paper we reconstruct the
potentials for a scalar field or a tachyon field reproducing a given cosmological
evolution in closed and open isotropic cosmological models. In section 2 we
describe the technique of the reconstruction of the potential both for a scalar
field and a tachyon field. In section 3 we explicitly find the solutions for the
scalar field potential which reproduces the cosmological evolutions driven by a
generic barotropic fluid and by radiation plus a cosmological constant. In sec-
tion 4 we reconstruct tachyon and pseudo-tachyon [18] potentials for the cases
of the evolutions driven by the Chaplygin gas [20,21], by the anti-Chaplygin
gas [22,18] and for other special cases, corresponding to particular values of
the barotropic index (w = − 23 ,− 13 , 13 ). Section 5 contains concluding remarks.
2 Technique of potential’s reconstruction
2.1 Scalar field
To begin with let us generalize the technique of the reconstruction of potentials
for the Friedmann-Lemaˆıtre cosmological model with the metric
ds2 = dt2 − a2(t)
(
dr2
1− kr2 + r
2(dθ2 + sin2 θdφ2)
)
(1)
filled with a spatially homogeneous scalar field ϕ(t) with potential V (ϕ). Here,
as usual, k = −1, 0, 1 correspond to open, flat and closed cosmologicla models
respectively. The energy density and the pressure are
ρ =
ϕ˙2
2
+ V (ϕ) (2)
and
p =
ϕ˙2
2
− V (ϕ) , (3)
where the dot indicates the derivative with respect to the cosmic time t. The
energy conservation condition is
ρ˙ = −3H(ρ+ p) , (4)
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where the Hubble parameter is defined as
H ≡ a˙
a
. (5)
To obtain the expression for the scalar field potential, we first find the
solution for ϕ in terms of the scale factor a.
Summing (2) and (3) we obtain
ϕ˙2 = ρ+ p (6)
and, using ϕ˙ = a˙dϕ
da
and the first Friedmann equation with 8piG/3 = 1, which
is
H2 +
k
a2
= ρ, (7)
we can write
dϕ
da
= ±1
a
√
ρ+ p
ρ− k
a2
(8)
where ρ and p are functions of a; integrating (8) we arrive at the following
solution for the scalar field:
ϕ±(a) = ±
∫
da
a
√
ρ(a) + p(a)
ρ(a)− k
a2
(9)
Generally, to different signs in the right-hand side of Eq. (9) correspond differ-
ent potentials, however, sometimes these potentials coincide (see e.g. [4,18]).
Now, using the relation
V =
1
2
(ρ− p) (10)
for the scalar field potential, obtained by subtracting (3) from (2), and sub-
stituting the expressions for ρ and p in terms of the scale factor, we obtain an
expression for V in terms of a. Supposing that (9) is invertible, we obtain
V = V (a) = V [a(ϕ)] . (11)
2.2 Tachyon and pseudotachyon
The tachyon field cosmological models inspired by string theory were first
suggested in [15]. The tachyon models represent a subclass of the models with
non-standard kinetic terms [23], which descend from the Born-Infeld model,
invented already in the thirties [24]. The relation between the models with
non-standard kinetic terms and the relativistic hydrodynamics was studied in
detail in paper [25]. Being in some sense the simplest subclass of the general
class of models with non-standard kinetic terms, the tachyon models have
rather non-trivial dynamics. So, it makes sense from our point of view to
generalize the technique of the reconstruction of potentials for the cases of
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closed and open universes also for tachyon fields. For the tachyon field [15]
with the Lagrangian density
L = −V (T )
√
1− T˙ 2 (12)
the energy density and the pressure are respectively
ρ =
V (T )√
1− T˙ 2
(13)
and
p = −V (T )
√
1− T˙ 2 , (14)
while the equation of motion for the tachyon is
T¨
1− T˙ 2 +
3a˙T˙
a
+
V ,T
V
= 0 , (15)
where V ,T ≡ dV/dT . Now we shall obtain an expression for the potential for
which, under certain initial conditions for the tachyon field, the scale factor of
the universe is precisely a(t). It follows from Eqs. (13) and (14) that
T˙ 2 =
(ρ+ p
ρ
)
, (16)
from which, with T ′ ≡ ∂T
∂a
, we have
T ′ = ±1
a
√
ρ+ p
ρ
(
ρ− k
a2
) , (17)
which yields, after integration,
T = T (a) = ±
∫
da
a
√
ρ(a) + p(a)
ρ(a)
(
ρ(a)− k
a2
) . (18)
Using now the relation
V =
√−ρp (19)
and inverting (18) we obtain the form of the tachyon potential:
V = V (a) = V [a(T )] . (20)
In the fourth section we can consider also the case of the pseudotachyon
fields [18], whose Lagrangian is
L = V (T )
√
T˙ 2 − 1 (21)
and whose pressure is positive. For pseudotachyon the formula for the potential
is
V (T ) =
√
ρp (22)
while the relation between the field and the cosmological factor a is given again
by the formula (18).
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3 Reconstruction of scalar field potentials for closed and open
universes
In this section we consider both a closed and an open homogeneous and
isotropic cosmological model filled with a barotropic fluid with the equation
of state
p = wρ, (23)
where w is a constant. We shall consider also the model of a universe filled
with a mixture of cosmological constant and radiation.
As it easily follows from the energy conservation equation (4) the depen-
dence of the energy density on the scale factor is in this case
ρ(a) =
C0
a3(1+w)
, (24)
where C0 is a positive constant. Substituting the expressions (23) and (24)
into Eq. (9) we obtain
ϕ(a) = ±√1 + w
∫
da
a
√
1− k
C0
a1+3w
. (25)
Integrating Eq. (25) one obtains
ϕ(a) = ±
√
1 + w
1 + 3w
ln
1 +
√
1− a1+3w
C0
1−
√
1− a1+3w
C0
(26)
for a closed universe,
ϕ(a) = ±
√
1 + w
1 + 3w
ln
1 +
√
1 + a
1+3w
C0√
1 + a
1+3w
C0
− 1
(27)
for an open universe and
ϕ(a) = ±√1 + w ln a (28)
for a flat universe. Inverting expressions (26)–(28) and substituting the func-
tions a(ϕ) into Eq. (10) we obtain the explicit formulae for the potentials:
V (ϕ) =
(1− w)
2C
2
1+3w
0
(
cosh
(1 + 3w)ϕ
2
√
1 + w
) 6(1+w)
1+3w
(29)
for a closed universe,
V (ϕ) =
(1− w)
2C
2
1+3w
0
(
sinh
(1 + 3w)ϕ
2
√
1 + w
) 6(1+w)
1+3w
(30)
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for an open universe and
V (ϕ) =
(1 − w)C0
2
exp
(
±3(1 + w)ϕ√
1 + w
)
(31)
for a flat universe. Note that while for the closed and open universe the different
choices of sign in the formulae (26) and (27) give the same form of potential,
in the flat case we have two different forms of the potential corresponding to
the different choices of the sign in the right-hand side of Eq. (28).
A universe filled with a mixture of the cosmological constant Λ and radia-
tion (w = 13 ) has the following energy density and pressure:
ρ(a) = Λ+
C0
a4
, p = −Λ+ C0
3a4
. (32)
Correspondingly the formula (9) looks now as
ϕ(a) = ±
√
4C0
3
∫
da
a
√
Λa4 − ka2 + C0
. (33)
For the case of a closed universe the integration gives
ϕ(a) = ±
√
3
3
ln
2C0 − a2 + 2
√
C20 − C0a2 + C0Λa4
a2
, (34)
for an open universe it is
ϕ(a) = ±
√
3
3
ln
2C0 + a
2 + 2
√
C20 + C0a
2 + C0Λa4
a2
, (35)
and for a flat universe it is
ϕ(a) = ±
√
3
3
ln
C0 +
√
C20 + C0Λa
4
a2
. (36)
Inverting the expressions (34)–(36) and substituting the explicit forms of a(ϕ)
into the general formula for the potential (10), one obtains the following for-
mulae for the potentials:
V (ϕ) = Λ+
C0
3
(
cosh2
√
3
2 ϕ
C20
− Λe±
√
3ϕ
)
(37)
for a closed universe,
V (ϕ) = Λ+
C0
3
(
sinh2
√
3
2 ϕ
C20
− Λe±
√
3ϕ
)
(38)
for an open universe and
V (ϕ) = Λ+
Λ
3
sinh2
(√
3ϕ± 1
2
lnC0Λ
)
(39)
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for a flat universe.
We see that the different choices of the sign in the expressions for the
scalar field (34) and (35) give different forms of the potentials for the closed
and open cosmological models in the formulae (37) and (38). In the case of
the potential for the flat model (Eq. (39)) the potentials corresponding to
the different choice of sign for ϕ(a) can be transformed one into another by
a simple constant shift of the scalar field (which is always defined up to an
arbitrary constant of integration). Thus, in this case we have really only one
form of the potential. It is easy to check that in the case when the cosmological
constant is absent, the formulae (37)–(39) are transformed into the formulae
(29)–(31), where the equation of state parameter is taken equal to w = 13 .
4 Reconstruction of tachyon and pseudo-tachyon potentials
We begin this section with mentioning that the cases of a universe filled with
a Chaplygin or anti-Chaplygin gas are trivial, because the tachyon potential
has a constant value in these cases [26]. In fact, the equation of state for a
Chaplygin gas is p = −A
ρ
, with A > 0 constant, and the expression for the
potential is (19), from which we have
V (T ) =
√
A (40)
which is constant.
For an anti-Chaplygin gas the situation is analogous, because the equation of
state is p = A
ρ
and the expression for the potential is V =
√
pρ, from which
V (T ) =
√
A . (41)
These are the simplest cases for the reconstruction of tachyon potentials. We
then discuss other cases for which it is possible to found exact solutions.
Let us consider again the evolution of the universe driven by a perfect fluid
with the equation of state (23). In this case the equation (18) takes the form
T (a) = ±√1 + w
∫
daa
1+3w
2√
C0 − ka1+3w
. (42)
We consider some simple cases when this equation is integrable in elemen-
tary functions. First we consider the case w = − 23 , of the so called brane gas.
Then, integration of Eq. (42) gives
T (a) = ±2
√
3
3C0
√
C0a− k. (43)
Inverting this equation and using the formula (19). we come to
V (T ) =
4
√
6C20
3(3C20T
2 + 4k)
. (44)
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The second case is the string gas equation of state (w = − 13 ). Now, the
integration of (42) gives
T (a) = ±
√
2
3(C0 − k)a. (45)
Inverting the function T (a) from the above equation and using the formula
(19) we obtain
V (T ) =
2
3
√
3
C0
(C0 − k)T 2 . (46)
In the case of the pseudotachyons, when the equation of state parameter
should be positive, we consider the case of the radiation w = 13 . Now
T = ±
√
4
3
1
k
√
C0 − ka2. (47)
This formula is valid if k 6= 0. The corresponding potential obtained by using
the formula (22) is
V (T ) =
16
√
3C0
3(4C0 − 3T 2)2 . (48)
Remarkably, the last formula does not depend on the sign of the spatial cur-
vature of the universe.
For the sake of completeness, we shall give also the corresponding formulae
for the case of a flat universe. (This case was considered in detail in [16,17,
18]). Now the integral (42) has a simple form for an arbitrary w:
T (a) =
2
3
√
(1 + w)C0
a
3(1+w)
2 , (49)
while the corresponding potential for the tachyon and pseudotachyon fields is
V (T ) =
4
√
|w|
9(1 + w)T 2
. (50)
Note that if we put in the formula (50) the values w = − 23 or w = − 13 then this
formula gives the same results as the formulae (44) and (46), where k is taken
equal to zero. Thus, the formulae (44) and (46) describe all the three cases:
closed, open and flat. It is not so for the pseudotachyon potential expression
(48) which is valid only for closed and open universes.
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5 Conclusion
In this Letter we have reconstructed the potential for a scalar field or a tachyon
field, reproducing a given cosmological evolution in closed and open isotropic
cosmological models, which, to our knowledge, were not considered before. We
have obtained the explicit forms of such potentials for the cases of the evolu-
tions driven by a generic barotropic fluid and by radiation plus a cosmological
constant, for the case of a scalar field, and by a Chaplygin gas, by an anti-
Chaplygin gas and for other special cases, for a tachyon field. Namely, exact
solutions for the tachyon potential have been obtained for some particular val-
ues of the barotropic index w, which for the tachyon field are w = − 23 and
w = − 13 , that are the cases of a brane gas and a gas of strings respectively,
and for the pseudotachyon field w = 13 (radiation).
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